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SUMMARY

A Neumann boundary value problem for the equation rot v — Av = 0 is considered in IR® and R 2. The ap-
proach is by transforming the boundary value problem into an equivalent boundary integral equation de-
duced from a representation formula for solutions of rot v — Av = 0 based on the fundamental solution of the
Helmholtz equation. In particular, for the two-dimensional case a detailed discussion of the integral equation
is carried out including the approximate solution by numerical integration.

1. Introduction
Force-free fields in R are solutions of one of the two equivalent equations

[roty,»]=0 1.1
or

rotv —Ar=0 12

where A denotes a scalar which, in general, is space dependent. They may be regarded as static
magnetic fields for which the Lorentz force vanishes and they describe the equilibrium of an
electrically conducting liquid — for instance a plasma — in the presence of a magnetic field ([3],
pp. 188, [4], pp. 35, [14]). In hydrodynamics solutions of (1.1) or (1.2) are also called Beltrami
fields ([1], {18], p. 43, [19], p. 188,{20], p. 68, 76) and they correspond to steady incompress-
ible rotational fluid flows which possess Bernoulli constants independent of the streamlines.

In several previous papers [8], [9], [10] the author considered the treatment of a Neumann
boundary value problem by integral equation methods using two different approaches. The first
method, described in {8] and [9], is based on Green’s matrices for appropriate boundary value
problems of potential theory and results in a volume integral equation for the unknown field
which is equivalent to the boundary value problem. The second method, described in [10], is
based on a representation theorem for inhomogeneous harmonic vector fields and leads to a
system of one volume and one surface integral equation for the volume and surface vortices of
the unknown field which again is equivalent to the boundary value problem. Comparing the
two approaches, the first one gives results on the existence of eigenvalues A because of self-
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30 R. Kress

adjointness properties of the volume integral operator which are not obtainable by the second
method. On the other hand, the second approach enables one to get results on the existence of
solutions to the boundary value problem in terms of the familiar Fredholm alternative which
cannot be found by the first method. Both approaches can be used for A not necessarily con-
stant.

In this paper we shall develop a third approach which makes use of the property that any
force-free field with constant X satisfies the vector Helmholtz equation

Av + A%y =0.

In the first part of the paper we shall give a representation theorem for solutions of (1.2) with
constant A\ based on the fundamental solution to the Helmholtz equation. Then this representa-
tion theorem is used to obtain a boundary integral equation equivalent to the boundary value
problem. In the second part this integral equation will be discussed in the two dimensional case
of force-free fields in an infinite cylinder. In particular we shall outline a method for the numer-
ical solution of the integral equation and provide a numerical example.

The main advantage of this new approach lies in the fact that the integral equation contains
only boundary integral operators which is of considerable importance for numerical approxima-
tions. As compared with the two previous methods it is confined to constant A.

2. A representation theorem

Let B be a bounded domain in R®. The boundary of B, denoted by S, is assumed to be con-
nected and to belong to the class C?. The complement of B is designated by B := R3\B. By nn
we denote the unit normal to S directed into B.

Let A be a real number and denote by

1 Frlx=yi

D(x,y) = ™ "I-x_—yl' 2.1

the fundamental solution to the Helmholtz equation in three dimensions.
We present the following representation theorem:

Theorem 2.1. LetveC' (B)n C(B) bea complex valued vectorfield such that divv,rot ve C(B).
Then there holds*
ve—gradU+rotd+X4 inB 2.2)

where

* By (a,b), la,b] and (g,b,c) we denote the scalar product, vector product and triple product of the vectors
a,b,c, respectively
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A boundary integral equation method 31

Ue) = [, BCp)divp)dy - [{ @) (0)9)dsk), @3)

A(x) = ft; ®(x,y) {rotv(y) — Av(y)}dy — j:g &) [n()y)ds(»). 249
Furthermore

div4d +\U=0 inB. 2.5

Proof: We choose an arbitrary fixed point x € B and circumscribe it with a sphere K, (x) :=
{r eR®||x—y|=p}. We assume the radius small enough so that K, (x) c B and direct the
unit normal # to K ,(x) into the interior of K,(x). Forally e B, :={y € B | |x — y | > p} there
holds
div, ®v(y) = ® div, »(y) — div, dr(y), (2.6)
rot,®v(y) — ADr(y) =& {rot,v(y) — \(¥)} — rot, dv(y). 2.7
Subtracting the gradient of (2.6) from the rotation of (2.7) we obtain

— grad,[® divyr(y) — div, dv(y)] + rot,[@{rot, v(y) — Ww(¥)} — rot, dr(y)]

= — grad div,®v(y) + rot rot, dv(y) — A rot, dr(y)
= — Ay ®r(y) — Arot, dr(y)

= — M ®{rot, »(y) — Ww(»)} — rot, dv(y)].
Now we integrate over B, and apply Gauss’ theorem to obtain

— grad, [ fB . ® divyr(y)dy - fS <I>(n(y),v(y))dS(Y)]

+ oty [ J; @40t vy) — )by - J; <I>[n(y),V(V)]ds(y):l
A [ Jy, @trot,0) —)ay - fscbln(y).v(y)]ds(y)]

= gade [ @OWON0) +rote [ @lnG)r0)1as0)

2 fo @l0)ro)dse).
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32 R Kress

Since on K, there holds

e'rp 1 . efrp
)= g sndee) = (L-n) S a0,

a straightforward calculation shows that the right hand side of the previous equation tends to
v(x) as p - 0, whence (2.2) follows.
Adding the divergence of (2.7) to equation (2.6) multiplied by A we get

0 = divy [®{rot, v(y) — ()} — rot, Dv(»)] + A[® div,v(y) — div, Pv(¥)].

Again we integrate over B, and apply Gauss’ theorem to obtain

div, l:j; ®{rot,v(y) — Ww(y)idy — Ig(b[n(y),v(y)]ds(y):l
o
+A [ Jy, @ a1y [ <b(n(v),v(y))ds(v)]

- dive [ LoWOIB0) A [ 200W0NEE)

By straightforward calculation it is verified that the right hand side tends to zero as p > 0,

whence (2.5) follows.
The representation theorem 2.1 generalizes Cauchy’s integral formula for vector fields ([16],
p. 97) which may be regarded as the special case A = 0 of the case of arbitrary .

3. Boundary value problem and equivalent integral equation
We shall consider the following boundary value problem from the theory of force-free fields.

Problem K(B): Given a real number \ # 0, avector field u e C***(B)and a function e € C°**(S),
0 <a< 1, find a vector field v e C* (B) n C(B) satisfving the differential equation

rotv—-A=u inB 3.1)
and assuming normal components

—{(ny)=€¢ onS. 3.2)
By Stokes’ theorem we readily observe that the condition
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A boundary integral equation method 33
Jo 4G~ repas =0 (33)

is necessary for the existence of a solution to problem K(B). In the subsequent analysis we shall
assume that this solvability condition is satisfied.

We derive a boundary integral equation for the tangential components of a solution to prob-
lem K(B).

Theorem 3.1. Let v be a solution of the boundary value problem K(B). Then the tangential
component

y.=—[ny]l on$ (34)

solves the boundary integral equation

by@)+ [ )00t 810) + \ey()1ds) (3:5)
= [n(x),g:adv {];— % ® divu(y)dy + _[g@e(y)ds(y)}

— rot, ]1; duy)dy — A j}; @u(y)dy] , XeS&b.
Proof: From the differential equation (3.1) we find

divv=— -;: dive inB. 3.6)

Therefore, by the representation theorem 2.1 we can write

v(x) = — grad {j; - % ® divu(y)dy + j:g @e(y)ds(y)}
+rot {j}; du(y)dy + [gd)'y(y)a’s(y)}

i {fB Du(y)dy + qu>7(y)ds(y)}, xeB.

From this, with the help of the jump reiations for surface potentials ({S], [17], p. 194) the inte-
gral equation (3.5) is obtained by letting x tend to the boundary S. We point out that for the
application of the jump relations it suffices to have y continuous on S, but € has to be uniform-
ly Hélder continuous.
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34 R. Kress
In order to state the converse of Theorem 3.1 we give the

Definition 3.2. The number \ is called regular with respect to the boundary value problem
K(B) if for all solutions w € C'(B) n C(B),a € C*(B) n C(B) of the system of differential equa-
tions

rotw—Aw=u+grada 3.7
inB
Az +2\a=0 (38)

satisfying the boundary conditions

—(nw)=e¢ 39)
onS
a=0 (3.10)

there follows a =0 in B.
Obviously, the set

A(B) :={\ # 0| \ is not regular with respect to K(B)}

is a subset of the countable set of interior Dirichlet eigenvalues A for which (3.8) and (3.10)
have a nontrivial solution a for which

fBadx=0, 3.11)

In Sec. 4 we shall provide an example for a nonempty A(B).

In order to decide whether X is regular or not is has to be checked whether the additional
uniqueness property required in Definition 3.2 is satisfied or not. This can be done either by
establishing beforehand that A is not an eigenvalue of the Dirichlet problem or just a simple
eigenvalue with f p @dx # 0 for the eigenfunction a, or it will automatically manifest itself dur-
ing the numerical calculation. Since in the case of a non-regular A, as we shall see later, the in-
tegral equation (3.5) has additional solutions, the linear system obtained from the integral equa-
tion by numerical integration will become ill-conditioned.

Theorem 33. Let X be regular with respect to K(B) and let vy be a continuous solution of the
integral equation (3.5). Define

U(x) :=-—;\ fB divu@)dy+ [ De(r)ds() 3.12)

A(x) = fB du(y)dy + fs @ (y)ds(). (3.13)
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A boundary integral equation method 35
Then

v:=—grad U+rot4 + XA (3.14)
is a solution to the boundary value problem K(B).

Proof: Since u € C1*%(B), by virtue of the regularity properties of volume potentials ([5], [12],
p.27) we have U4 € C?(B)and U4 € C*(B) and

71\ divu inB,

AU + 22U = (3.15)
0 in B;
—u in B,

AA + N4 = (3.16)
0 in B.

Using (3.15) and (3.16), we findv € C!(B) and v € C!(B) and

grad(div4 + w)+u inB,

rotv - W= (3.17)

grad(divA + \v) in B.

Next we observe that the right hand side of the integral equation (3.5) is of class C % *(S)
because u € C1'*(B) and e € C % %(S). Since the integral operator on the left hand side of (3.5)
maps C(S) into C % *(S) ([5], p. 62, [6], Theorem 5.1, [21], Lemma 6) any continuous solution
v automatically is of class C % *(S). Therefore, due to the regularity properties of surface poten-
tials with uniformly Hoélder continuous densities, » can be continued uniformly Hélder con-
tinuously into S from both sides. If we distinguish the limits obtained by approaching S from
inside B and B by the indices + and —, respectively, the jump relations for the surface potentials
lead to

v,-v_=en+[yn] onS, (3.18)
and, with the aid of the integral equation (3.5),
[nv,]=0 onS. (3.19)

Since div A in B is a solution to the Helmholtz equation satisfying the Sommerfeld radia-
tion condition by Green’s representation theorem we can write

div A(x) = j:g,{divA(y) % _ o 5%) divA(y)}ds(y), xeB,
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36 R. Kress

where S denotes a surface parallel to S separating the point x from S. Using (3.17) and Stokes’
theorem we transform

9 .
fgtb 3 divA ds = f§¢(n,rotv— W — A grad U)ds

= _/:? [(n,v,grad ®) — AP (n,v + grad U)]ds.

Now we are able to pass to the limit § .5 and with the aid of (3.19) we obtain

div A(x) = j; { div A(y) az_((};) +n(y)q>} ds@), xeB, (3.20)

where we haveset u:=X(ny, +grad U,) |g. Since div A |g € C%%(S) and u € C°-*(S) we now
may let x tend to the boundary and find the integral equation

Liiv A (x) — fsdivA(y)é—z-%ds(y): Jiuo)2ds), xes. (3.21)

The right hand side of (3.21) belongs to C***(S) since for the density we have u € C % %(S).
Thus, because the integral operator in equation (3.21) maps C °*(S) into C*-*(S) ([12], p. 42,
[21], Lemma 7) we conclude div 4 {g € C*>*(S). But then finally from (3.20) we see divA
C1**(B) because double layer potentials with densities of class C***(S) belong to C**(B) ([12],
p.40,[21], Lemma 4).

From the transformation

divA@)= [ ®divup)dy - [ @@0upNd0) +dv [ dy()dse)

we deduce div A4 € C2(B) n C° *(B). Define

a:=div4 +AU. (3.22)

Then, using (3.15) and (3.16), we find

A1+M\a=0 inBandB (3.23)
and with the help of the jump relations we find

a, =a onS. (3.24)
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Define
w:=\+grada inB.
From (3.17) we deduce
rotw—aw=0 inB

and

Aw +2\*w=0 inB.

By straightforward calculation it can be shown that the radiation condition

W(x)=0(wlr.)  Ix i,

[rotw(x), I_xﬂ :l— ikw(x):o(T;I—l) B

holds uniformly with respect to all directions x/|x |. Let K :
the radius R of this sphere large enough such that Kp C B.
unit normal to Kp and let ER :={x € B | |x | <R}. Then,

from (3.26) and (3.19) we derive

LR (n,w,rot w)ds = A ff’R divlw,wldx + A fS (n,w,w)ds

=A fs (n,gradz,grad a)ds = 0.

On the other hand, from (3.28) there follows

- i 5
L{R (n,w,rot w)ds = i\ LR [w|*ds +0(1),

Hence,
[ iwpds=0(1), R-e
KR

and from this and (3.27) we conclude

w=0 inAB

37

(3.25)

(3.26)

(3.27)

(3.28)

={xecR®||x|=R}and assume
Let n denote the outward drawn
using Gauss’ and Stokes’ theorem,
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38 R Kress

by Rellich’s Lemma ([12], p. 161).
We now have

MW +grada=0 inB (3.29)
and from (3.19) we deduce
a=ay=const onsS. (3.30)

Therefore, from the regularity properties of solutions to the Dirichlet problem for the Helm-
holtz equation ([12], p. 157) we obtain @ € C'**(B). Using Green’s and Stokes’ theorem with
the aid of (3.23), (3.29), (3.30), (3.18), (3.17) and (3.3) we get

n {fKREg—st}:Im {fBR [@a + | grad a P 1dx + fsz% ds}
=—)\Im{30 [g[(n,v_)+e]ds}

=Im{a_0 L,:—(n,rotv_)+(n,u)—ke+ %ln: ]ds}

= Im { [3 [EAa+|grada|2]dx}=o.

On the other hand, since obviously the radiation condition

a(x)=0(L) ;X

I % |
grad a(x), =— —i)\a(x)=0(-L) s Xl
fx | Ix |

is satisfied uniformly with respect to all directions, we get

[ 72 as=nn [ lapds+o(t), R

Kr On KR ’ )
Hence,

f lai?ds=0(1), R-oo

Kgr

and again by Rellich’s Lemma we get
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A boundary integral equation method 39

2=0 inB (3.31)
whence

v=0 inB (3.32)
follows.

Summarizing our results we have now arrived at

rotv — Ww=u+grada inB, (3.33)
—~(ny)=e¢ ons, (3.34)

and
A1+\a=0 inB, (3.35)
a=0 onS. (3.36)

Thus, since A is assumed to be regular with respect to K(B) we obtain @ = 0 in B and the proof
is complete.

When A is not regular with respect to K(B) we cannot expect the converse of Theorem 3.1
to be valid. In this case, for the additional term in the representation theorem stemming from
the extra term grad a on the right hand side of the differential equation (3.7), we calculate

1
— grad fB -3 ®Aa(y)dy + rot j}; ® grad a(y)dy + A j; ® grad a(y)dy (3.37)

f

jl; {a(y)grad, ® — [grad, ® grad a(y)] + A D grad a(y)}dy

j}; {\ grad, ®a(y) — rot,(® grad a(y))}dy

i

fS A@a(y)(y) — @ln(y).grad a(v)l }s() = 0.

Therefore, by going for the tangential component of the solution w of (3.7) and (3.9) through
the same argument as carried out in the proof of Theorem 3.1, we see that the tangential com-
ponent of w solves the same equation as for the solution v to (3.1) and (3.2). But the tangential
components of the two solutions must be different, because otherwise from our calculation
(3.37) and the representation theorem we would obtain the contradiction w = v.

These results may serve as an example for a boundary integral equation derived from a repre-
sentation theorem which is not fully equivalent to the boundary value problem.
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4, Two-dimensional case

In the subsequent analysis we shall study the two-dimensional case for which, as we immediate-
ly shall see, a complete discussion of the boundary integral equation is possible.

To be more precise, we shall consider the boundary value problem K(B) for a vectorfield
v = (01 0e1,x2)v2(x1,%;)v3(xq,x,)) in a cylinder B x R CIR® where B denotes a bounded
domain in R?. Then our previous results remain valid after replacing (2.1) by the fundamental
solution

S(y)=5 Hylx—y ) @1

to the Helmholtz equation in two dimensions. Here H(‘) denotes the Hankel function of the first
kind and of order zero. The integrals being understood to be carried out over the cross section
B of the cylinder and its boundary §.

Let ¢ denote the unit tangential vector of the boundary § such that

[nt]=e;, 4.2)

e3 denoting the unit vector in the x; -direction. We decompose

Yy=nt+6c; onS, 4.3)
this means
yv=ne; —8t—en onS. “4.4)

Then the integral equation (3.5) is split into the system of two equations

1)+ [ oy TOWS0) -\ [ 950)ds() 45)
= (es 1ot fB Duy)dy + A fB Du(y)dy),

B A [ aEmONE0)E0) — [, g SOMO) 46)
L aavupi+ [oc0)s0))

( grad

i
(t,rot Ji @u®)dy +2 f <I>u(y)dy)
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A boundary integral equation method 41

In the two-dimensional case the boundary value problem K(B) can be reduced to solving a
Dirichlet boundary value problem for the Helmholtz equation. By writing down the cartesian

components of the equation rot v — \v = u it is readily verified that the problem K(B) is equi-
valent to solving the Dirichlet problem

Avy + My = — (es,;otu + A\u) in B, 4.7)
% =(nu) — e onsS, 4.8)

for the component v5 in xj-direction and then taking
in B. 49)

Because of the compatibility condition (3.3) we can choose a function g € C***(S) such that

% =(nu)—Xe onsS, (4.10)

and this function is uniquely determined up to an additive constant. Hence, we can uniquely
determine g by the additional condition

fsgds= 1. (4.11)

Then the boundary condition (4.8) can be rewritten into the form
v3=g onS. 4.12)
Firstly, we consider the case where the homogeneous Dirichlet problem

Az +N*a=0 inB, (4.13)
a=0 ons, (4.14)

has only the trivial solution. Then the boundary value problem (4.7) and (4.8) is solvable and
the solution can be made unique by prescribing

fsv3ds -1 (4.15)
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42 R Kress

Since we have

aV3
)\([,V) = — (t,u) — —a;'

the solution of the system (4.5) and (4.6) is given by

1 av
n:g, 8 = X {(t,u)-l- a—ns' } . (4.16)

Again, this solution can be made unique by the additional condition

fsnds - 1. 4.17)

Therefore, given n = g explicitly by (4.10) to solve the boundary value problem we have to
solve only one integral equation (4.6) for the unknown §.

In the case where the homogeneous problem (4.13) and (4.14) possesses nontrivial solutions
the inhomogeneous problem is solvable if and only if the additional condition

_[gg g—st— fB(e:,,rotu +Au)adx =0 (4.18)

is satisfied for all solutions @ of (4.13) and (4.14).

Suppose the homogeneous problem (4.13) and (4.14) has exactly one linearly independent
solution a and this solution satisfies

fB adx = 0. (4.19)

This, for instance, is true for B a rectangle. Then the problem

rotv —Av=grada inB,

ny)=0 ons,

has a nontrivial solution v since (4.19) ensures that (3.3) is satisfied and (4.18) holds because
from (4.10) we observe

in this case, whence
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A boundary integral equation method 43

0a ., _1 0 2.
fsg on 952 fsargds“o

follows. Therefore, in this particular case A is not regular with respect to K(B).

We emphasize at this point that for all X the homogeneous problem K(B) has a nontrivial so-
lution. For those A for which the homogeneous Dirichlet problem has only the trivial solution,
there exists exactly one linearly independent solution of the homogeneous problem K(B) and
this solution is characterized by the property v3 = const on S.

If the homogeneous Dirichlet problem (4.13) and (4.14) has m linearly independent solu-
tions then obviously the homogeneous problem K(B) has m linearly independent solutions with
the property v = 0 on S. In addition, there exists a further nontrivial solution with v5 = const
# 0 on S in the case where

fBadx=0

for all solutions to the homogeneous Dirichlet problem.

The infinite cylinder might be considered as the limiting case of a torus with cross section B.
An extension of the results from the two-dimensional case to the case of a torus is in prepara-
tion.

In the case when B is the interior of the unit circle the solutions to the homogeneous prob-
lem K(B) can be given explicitly ([4], p. 42, [13]) in polar cylinder coordinates (7,¢,2z) by

v,=0 vy=c/ (V) v;=c)o(\) (4.20)

where ¢ = const and J, and J; denote the Bessel functions of order zero and one. With the ex-
ception of the zeros A of J;, we have v, = const # 0 on the boundary §. For the zeros A of J,
there holds f, v,dx # 0 and therefore no solution exists with v, = const # 0 on § in these cases.
Furthermore, for the zeros A of the Bessel function J,,, of order m we have the additional solu-
tions

J,
v,=m -—'—;\r(—) (c) cosm¢ — ¢, sinma),
vy = — I (V) (¢ sinme +c, cosme), 4.21)

v, =J,, (W) (¢, sinmo + ¢, cos mo),

with the property v, = 0 on the boundary S. Note that all the streamlines are spirals.

5. Numerical solution of the integral equation in two dimensions

In order to get numerical approximations to the nontrivial solution of the homogeneous prob-
lem K(B) after setting 7 = 1 we have to numerically solve the integral equation
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109~ [ o POM) =X [ (ne)n()2ds0). (5.1)

We assume the boundary § of B to be analytic and choose a parametric representation of the

form

x(0)=(x,(0),x,(0)), 0<o0<2nm.

Then, by straightforward calculations, we transform the integral equation (5.1) into the para-

metric form

V@) - 5= [ Ko =5 [ L

where

(o) = ([, (0)]? + [, (0)2)F8(x(0)),

K(o,1) := — imAx,(0)[x, (0) — x1 ()] — x4 (0)[x2(0) —x, (D]}

L(0,7) = — inh{&, (0)% 1 (1) + %, (0)k2 (1) o (Wr(0,7),

ror) = 4x,(0) ~ %1 (P +[x2(0) — %2 (P J7.

(5.2)

H}(w(0,7))
r(o,r)

>

Here H : ®=- (d/dE)H(I, (£) denotes the Hankel function of the first kind and of order one. By

decomposing

Ho () =Jo(E) +iNo(B)

where J, and N, denote the Bessel and Neumann functions of order zero and taking into ac-

count the expansions

Tp= 3 CEE

k=0 (k!)222k

’

No®)=2 (10 € ) so@)+ £ et

with real coefficients a; and Euler’s constant ¢ = 0.57721 ...

(5.2) have logarithmic singularities. Therefore, we split

g—7
2

K(0,7)=K,(0,7)In 4 sin? +K,(0,7),
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o—T
2

L(o,r) =L {(0,7)In 4 sin? +L,(0,7),

where

J1(A\r(0,7))

r(o,7)

b

Ki(0,7) =M%, (0)x 1 (0) — %1 (1)] = %1 (0)lx2(0) —x(7)]

Ky(o7)=K(o1)— K, (0)In 4 sin? < 5 T,
Lyi(o,7):=0x, (o) (1) + X, (o) (1)} o (W (0,7)),

0—T
2

Ly(o,7):=L(0;7) — L,(0,7)In 4 sin?

Then K, K,, L, L, are analytic for all 0 < 0,7 < 2x. In particular

%, (0)%1(0) — x,(0)X,(0)

[41(0))* + 2 ()]

K2 (030) =

s

Ly(0,0) = M[%,(0)1? + [%,(0)1* } {2¢ + In 322 {[%, (0)]* + [%,(0)])*} — mi}.

For the numerical approximation we choose an equidistant set of knots

and use the quadrature formulae

1 2 1 2N-1
35 Jo J@do~ 55 1),

1 2 ., O Nt
> J:) f(0)In 4 sin? 7 do~ k§0 Ry f(ay),

where the weights R, are given by

kN 1cosm
Ry = — N{(l) "}, k=0, ..., 2N—1.
jl

45

(5.3)

5.4

These quadrature rules are obtained by replacing f by its trigonometric interpolation polynomial
and then integrating analytically. The quadrature rule (5.4) was previously used by Martensen
[15] and Kussmaul [11] for the numerical solution of boundary integral equations with loga-
rithmic singularities. Provided f is analytic, according to derivative-free error estimates in the
spirit of Davis’ method [2] for the remainder term in trigonometric interpolation of periodic
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analytic functions [7], the error of the quadrature rules (5.3) and (5.4) decreases at least expo-
nentially when the number &V of knots is increased.

In the well known fashion the integral equation (5.2) is now replaced by the approximate
linear system

2N -1 1
Vi — ],5) {Rj—kKl(Uk,Uj) + WKz(Uk,Uj)}ll/j
2N-1

1
= ’.’5] {R]'~kLl(0k,0]‘)+ ﬁLz(Uk,Uj)}, k=0, ...,2N -1,

The numerical example is carried out for an ellipse
x,(0)=coso, x,(0)=bsino.
From (4.20) we observe, that in the limiting case b = 1 of the unit circle, the solution of the in-
tegral equation (5.1) is given by — § =J; (W) o (V).
We conclude with a few numerical results on the values of — & on the boundary forb =1,
0.6,04and N=168.
A=01 N=16

N 1 0.6 0.4
[+

0 0.050062 | 0.044140 { 0.034489

/8 0.044142 | 0.034490
/4 0.044146 | 0.034493
3n/8 0.044149 | 0.034495
w2 0.044150 | 0.034497
A=01 N=8
bl 0.6 0.4

0 0.050062 | 0.044149 | 0.034911

w/4 0.044144 | 0.034438
w2 0.044146 | 0.034366
A=05 N=16
b 1 0.6 04
g
0 0.258152 | 0.223502 | 0.173247
w/8 0.223695 | 0.173390
nl4 0.224143 | 0.173737
3n(8 0.224632 | 0.174087
w/2 0.224827 | 0.174232
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A=05 N=8

1 0.6 04

0 0.258152 | 0.223555 | 0.175428

n/4 0.224156 | 0.173449
n/2 0.224807 | 0.173570
A=l N=16
b 1 0.6 04
o
0 0.575080 | 0.466078 | 0.351683
n/8 0.467751 | 0.352873
w4 0471823 | 0.355777
3n/8 0.475938 | 0.358717
w2 0477655 | 0.359945
A=1 N=8
b 1 0.6 04
o

0 0.575081 | 0.466361 | 0.356544
w4 0.471676 | 0.355269
w2 0477730 | 0.358643

The numerical results indicate that the field lines which are spirals ([4], p.42) become steeper
as the minor axis b gets smaller and that they are slightly steeper at the point ¢ = 0 (major axis)
than at the point ¢ = #/2 (minor axis).
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